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Abstract

The effect of thermal and mass buoyancy forces on the development of laminar mixed convection between two vertical para
with uniform heat and mass fluxes has been investigated numerically. Velocity, temperature and concentration profiles have been
The effect of the different parameters on heat and mass transfer between the plates has been discussed for positive and negat
the buoyancy ratio,N . The results showed that positiveN increases the Nusselt number and Sherwood number, while negativeN decreases
them. Schmidt number has the highest effect on the Nusselt number and Sherwood number.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Many analyses of laminar convection in vertical paral
plates channels are available in the literature. These ana
can be classified into free convection and mixed convec
symmetric and asymmetric heating with uniform wall te
peratures or uniform wall heat fluxes. Generally, the de
oping flow is analyzed by numerical techniques [1–9], wh
the fully developed flow is analyzed analytically [10–1
Experimental work is also available [15,16].

The combined effect of thermal and mass buoya
forces on laminar convection in vertical parallel-plates ch
nels has received less attention. However, it is encount
in many practical situations, such as in the design of h
exchangers, solar energy collectors, thermo-protection
tems and many chemical processes. Nelson and Wood
presented numerical analyses of developing laminar flow
tween vertical parallel-plates for combined heat and m
transfer natural convection with uniform temperature a
concentration [17] and uniform heat and mass flux bound
conditions [18]. They also have presented an analytica
lution for the fully developed flow [19]. Lee et al. [20] hav
studied, experimentally and numerically, free convection
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a vertical channel within which the buoyancy force rever
its sign. The channel consists of two walls, one porous
the other solid. Mass transfer from the porous wall resu
in a downward flow while heat transfer on the solid w
resulted in an opposing upward flow. Yan et al. [21] ha
investigated the effect of latent heat transfer, in associa
with the evaporation of a thin liquid film on the walls
a vertical parallel-plates channel, on the natural convec
heat and mass transfer. Desrayaud and Lauriat [22] hav
amined the condensation of humid air in a vertical pa
lel plate channel under the same assumption of thin liq
film. The effect of finite film thickness on the heat and m
transfer in natural convection flows has been numerically
vestigated by Yan and Lin [23] and Yan [24]. Cherif a
Daif [25] have confirmed the importance of the film thic
ness on the heat and mass transfer when a binary mi
(ethanol–water or ethylene glycol–water) flows throug
vertical channel whose one dry and adiabatic wall and
other is wet and heated uniformly. Lee [26] has perform
an investigation of natural convection heat and mass tr
fer in open vertical parallel plates with unheated entry
unheated exit. He has demonstrated that the presence o
heated entry and unheated exit severely affects the hea
mass transfer rates.
Elsevier SAS. All rights reserved.
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Nomenclature

b channel width . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
c species concentration . . . . . . . . . . . . . . . . kg·m−3

C dimensionless concentration
D mass diffusivity . . . . . . . . . . . . . . . . . . . . . m2·s−1

g gravitational acceleration . . . . . . . . . . . . . . m·s−2

Gr Grashof number,= gβq1b
4/ν2k

Grm mass Grashof number,= gβmm1b
4/ν2D

h convective heat transfer
coefficient . . . . . . . . . . . . . . . . . . . . . W·m−2·K−1

hm convective mass transfer coefficient . . . . m·s−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

m mass flux . . . . . . . . . . . . . . . . . . . . . . . kg·s−1·m−2

n number of grid points in theY -direction
N buoyancy ratio,= Grm/Gr
Nu Nusselt number,= hb/k

p pressure difference,= p′ − p′′ . . . . . . . . . . . . Pa
p′ static pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
p′′ hydrostatic pressure . . . . . . . . . . . . . . . . . . . . . . Pa
P dimensionless pressure difference
Pr Prandtl number,= ν/α

q heat flux . . . . . . . . . . . . . . . . . . . . . . . . . . . . W·m−2

rh heat fluxes ratio,= q2/q1
rm mass fluxes ratio,= m2/m1
Re Reynolds number,= u0b/ν

Sc Schmidt number,= ν/D

Sh Sherwood number,= hmb/D

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u axial velocity . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

v transverse velocity . . . . . . . . . . . . . . . . . . . . m·s−1

x axial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . m
y transverse coordinate . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

β volumetric coefficient of thermal
expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K−1

βm volumetric coefficient of concentration
expansion . . . . . . . . . . . . . . . . . . . . . . . . . m3·kg−1

γ dimensionless pressure gradient
θ dimensionless temperature
ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

Subscripts

0 value at the entrance
1 value on hot plate
2 value on cool plate
of
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It is noted in the above reviews that the effect
thermal and mass buoyancy forces on the developme
laminar forced flow between two vertical parallel plates
not received sufficient attention. In a previous work [2
such effect on fully developed laminar forced convect
in a vertical channel has been studied. The channel
different constant wall temperatures and concentrati
which are higher than those at the entrance. Criteria for
occurrence of flow reversal were also presented. The f
developed flow can only be established if the channe
very long.Pr andSchave no effect on the bulk temperatu
and concentration and the location where flow reve
occurs is not evident. Yan [28] has studied the develop
laminar mixed convection heat and mass transfer in incli
rectangular ducts. The duct walls are subjected to a con
temperature and concentration. Therefore, the present
is devoted to study the effect of thermal and mass buoya
forces on the development of laminar mixed convect
between two vertical parallel plates in the case of prescr
wall heat and mass fluxes. To the knowledge of the aut
this case has not been studied before.

2. Analysis

Consider laminar two-dimensional steady flow betwe
vertical plates. The fluid properties are assumed to
constant except for the buoyancy term of the momen
f

t

equation. The flow is incompressible and has a unifo
upward vertical velocity at the entrance. The plates h
different uniform heat and mass fluxes. The geometry
boundary conditions are shown in Fig. 1.

For many processes in air molecular weights of
mixture are not too different and concentrations are l
Also, temperature differences and pressure drops are s
Under these conditions thermal and pressure diffusions

Fig. 1. Geometry and boundary conditions.
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be neglected. Diffusion of energy due to concentra
gradient may also be neglected.

The dimensionless governing equations, expressing
above conditions, are

Continuity

∂U

∂X
+ ∂V

∂Y
= 0 (1)

x momentum

U
∂U

∂X
+ V

∂U

∂Y
= −∂P

∂X
+ ∂2U

∂Y 2 + Gr

Re
(θ + NC) (2)

y momentum

∂P

∂Y
= 0 (3)

Energy

U
∂θ

∂X
+ V

∂θ

∂Y
= 1

Pr

∂2θ

∂Y 2 (4)

Mass

U
∂C

∂X
+ V

∂C

∂Y
= 1

Sc

∂2C

∂Y 2 (5)

where

X = x

bRe
, Y = y

b

U = u

u0
, V = bv

ν

θ = T − T0

q1b/k
, C = c − c0

m1b/D

P = p

ρu2
0

, Re= u0b

ν

Gr = gβq1b
4

ν2k
, N = Grm

Gr

Grm = gβmm1b
4

ν2D

Pr = ν

α
, Sc= ν

D

The boundary conditions are

X = 0, 0< Y < 1: U = 1, V = 0, θ = 0, C = 0

X � 0, Y = 0: U = 0, V = 0,
∂θ

∂Y
= −rh,

∂C

∂Y
= −rm

X � 0, Y = 1: U = 0, V = 0,
∂θ

∂Y
= 1,

∂C

∂Y
= 1

X = 0: P = 0

Where

rh = q2

q1
, rm = m2

m1

The local Nusselt numbers are

Nu1 = 1

θ1
, Nu2 = rh

θ2

The local Sherwood numbers are

Sh1 = 1
, Sh2 = rm
C1 C2
Conservation of mass at any cross section in the cha
gives

1∫

0

U dy = 1 (6)

3. Method for numerical solution

The governing equations formulated above were so
numerically using a forward-marching, line-by-line im
plicit finite-difference technique similar to that described
Bodoia and Osterle [1]. Because of the stability and accu
of this method, many other researchers used it [2,5,6
The solution of the difference equations is obtained by
selecting values forGr/Re, Pr, Sc, rh, rc andN . Then, by
means of a marching procedure the variablesU , V , θ , C and
P for each row are obtained using the values at the prev
row.

For uniform heat and mass fluxes, the wall temperat
and concentrations are not specified at the plates. Th
fore, the solutions are obtained by successive approx
tions similar to that described by Aung et al. [2]. First, t
plate temperatures and concentrations of any row are
equal to those on the previous row. Hence, solutions for
interior points are obtained. Then, by means of a three-p
derivative formula, new plate temperatures and concen
tions are computed. With these, new solutions for the inte
points are obtained. The procedure is continued until con
gence. The obtained temperature and concentration va
are then used in the solution of the momentum equation

To calculate the transverse component of velocityV ,
Aung et al. [2] integrated the continuity equation fro
each plate out to within one node of either side of
centerline. The centerline node value was calculated
interpolation. Because of the asymmetry of the problem
is more convenient to obtain two solutions by integrat
from one plate to the other and then in the reverse orde
17]. Adding the two solutions together, each weighted
the distance from the plate from which it was calculat
gives the final transverse velocity field. This way was a
followed in this work.

Eq. (6) is solved numerically by means of Simpson’s ru
A uniform grid in theY -direction is used with 51 grid

points. The grid size increases in theX-direction as follows:

0< X � 0.001: %X = 0.00005

0.001< X � 0.005: %X = 0.0002

0.005< X � 0.02: %X = 0.0003

0.02< X � 0.1: %X = 0.0005

X > 0.1: %X = 0.005

Grid refinement tests were carried out to ensure the inde
dence of the calculations on the grid size. Table 1 pres
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Table 1
Effect of grid size in theY -direction on the local Nusselt number
(Gr/Re= 300, Pr = Sc= 0.7, rh = rc = 0.5, N = 1)
(a) Effect onNu1

n X

0.002 0.005 0.02 0.05 0.1

31 11.822 7.503 4.412 3.225 2.393
41 11.399 7.337 4.367 3.206 2.386
51 11.113 7.228 4.339 3.192 2.382
61 10.891 7.141 4.312 3.179 2.379

(b) Effect onNu2

n X

0.002 0.005 0.02 0.05 0.1

31 11.708 7.258 4.002 2.719 1.779
41 11.274 7.088 3.955 2.699 1.776
51 10.982 6.975 3.922 2.681 1.774
61 10.756 6.885 3.890 2.664 1.773

the results of the local Nusselt numbers (or Sherwood n
bers) for four numbers of grid points in theY -direction. The
table shows that the variations of the Nusselt numbers
crease as the number of grid points increases. It is found
the deviations inNu1 andNu2 calculated withn = 51 and
n = 61 are always less than∼2%. Therefore, the calcula
tions withn = 51 will be considered sufficiently accurate
the present work. Furthermore, the calculations were ca
out for the developing flow without buoyancy forces. For t
case, the fully developed solution givesγ = −12. The cal-
culations give the following results at large values ofX:

At X = 0.5, γ = −11.99980
At X = 1, γ = −11.99989
This confirms the accuracy and convergence of

numerical computations along the channel.

4. Results and discussion

The numerical calculations of air(Pr = 0.7) in the
present study are carried out for different values of
buoyancy ratioN between−0.8 and 2.0 [28]. The buoyancy
ratio N represents the ratio between mass and the
buoyancy forces. WhenN = 0, there is no mass transf
and the buoyancy force is due to the thermal diffusion o
N > 0 means that mass buoyancy force acts in the s
direction of thermal buoyancy force, whileN < 0 means tha
mass buoyancy force acts in the opposite direction.

In the following sections the developments of veloc
temperature and concentration profiles will be presen
first, beside the pressure gradient between the plates be
of their usefulness in clarification of the heat and m
transfer mechanisms between the plates. Then, the effe
various parameters on the Nusselt and Sherwood num
will be presented.
t

e

f
s

Fig. 2. Effect of N on the velocity profiles.(Pr = Sc= 0.7,Gr/Re=
300, rh = rm = 0.5).

4.1. Velocity profile

The effects of the buoyancy ratioN on the velocity
profiles at different locations are shown in Fig. 2. For p
convection in the channel, the buoyancy forces disappea
the velocity profile takes a parabolic shape with a maxim
velocity point is in the middle of the channel. WhenN = 0
the buoyancy force is due to the thermal diffusion o
which causes an increase in the velocity near the hot p
So, the maximum velocity point moves towards the
plate. PositiveN causes additional increase in the veloc
near the hot plate and hence a decrease in the vel
near the cool plate will be attained. The maximum veloc
point moves towards the hot plate and the velocity profi
become convex. NegativeN means that the increase in t
velocity near the hot plate, due to the thermal buoya
force, decreases due to the mass buoyancy force that
in the opposite direction. So, the distortion of the veloc
profile is reduced and the concavity disappears.

4.2. Pressure gradient

Fig. 3 illustrates the variation of the pressure grad
with distance at different values of the buoyancy ratioN .
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From the figure, it is evident that the pressure grad
increases withX. Near the entrance, the pressure gradien
negative and asX increases, it becomes positive. Moreov
the pressure gradient increases linearly at largeX. Also, the
pressure gradient increases with the increase in the buoy
ratioN . The inflection point of the pressure (i.e., the poin
which the pressure gradient becomes zero) occurs at sm
distanceX asN increases.

The thermal buoyancy force increases the velocity n
the hot plate and as a result the centerline velocity decre
The pressure gradient becomes zero at about the point w
the centerline velocity starts to decrease. Since pos
N causes additional increase in the velocity near the
plate and consequently, more decreasing in the cente
velocity, it is expected that the pressure gradient beco
zero at smaller distanceX. NegativeN means that the
mass buoyancy force opposes the thermal buoyancy fo
Therefore, less decreasing in the centerline velocity
attained and the inflection point occurs at largerX.

4.3. Temperature and concentration profiles

The developments of temperature and concentratio
different values of the buoyancy ratio are shown in Fig
From the figure it is clear that the temperature and con
tration profiles are less sensitive to the buoyancy ratio t

Fig. 3. Effect ofN on the pressure gradient.(Pr = Sc= 0.7,Gr/Re=
300, rh = rm = 0.5).

Fig. 4. Developments of temperature and concentration profiles.(Pr =
Sc= 0.7, Gr/Re= 300, rh = rm = 0.5).
y

r

.
e

.

the velocity profiles since the buoyancy ratio affects the
locity directly. For the present case, i.e., uniform heat
mass fluxes, the values of the temperature and conce
tion increase asX increases. This is due to the addition
constant and continued heat and mass fluxes at the p
Moreover, temperature and concentration on the hot p
are slightly higher than those on the cool plate beca
rh = rm = 0.5 (< 1). Also, positiveN decreases, slightly
the temperature and concentration on the hot plate bec
of the increasing in the velocity near this plate. Convers
negativeN increases, slightly, the temperature and conc
tration on the hot plate because of the decreasing in the
locity near this plate.

4.4. Heat and mass transfer

The effect of the buoyancy ratio on the local Nuss
number (Sherwood number) on the hot plate is show
Fig. 5. The figure reveals that the Nusselt number incre
when the mass buoyancy force acts in the same direc
as the thermal buoyancy force (i.e.,N > 0). NegativeN

decreases the velocity near the hot plate and henceNu1
becomes less. At largeX, these effects diminish.

Fig. 6 illustrates the effect of the thermal buoyancy fo
on the local Nusselt numberNu1 (Sh1). As shown from the
figure, the Nusselt number increases asGr/Reincrease. This

Fig. 5. Effect of N on Nu1 (Sh1). (Pr = Sc = 0.7,Gr/Re = 300,
rh = rm = 0.5).

Fig. 6. Effect ofGr/Re on Nu1 (Sh1). (Pr = Sc= 0.7, rh = rm = 0.5,
N = 1).
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Fig. 7. Effect of rh on Nu1. (Pr = Sc= 0.7, Gr/Re= 300, rm = 0.5,
N = 1.)

Fig. 8. Effect ofSc on Nu1. (Pr = 0.7, Gr/Re= 300, rh = rm = 0.5,
N = 1.)

is due to the increase in the velocity near the hot plate
result of the increasing of the thermal buoyancy force.
largeX, this effect diminishes.

The effect of the heat flux ratiorh on the local Nussel
number Nu1 is shown in Fig. 7. From the figure it i
clear that the Nusselt number for the case of symme
heating (rh = 1) is smaller than that for the case
asymmetric heating(rh < 1). Asymmetric heating decreas
the temperature near the hot plate. Consequently, the Nu
number increases on the hot plate. This effect is insignific
near the inlet. The effect ofrm on the local Sherwood
numberSh1 is similar to the effect ofrh on the local Nussel
numberNu1.

The effect of Schmidt number on the local Sherwo
numberSh1 is shown in Fig. 8. It is clearly seen that a larg
Scresults in a largerSh1. This is due to that asScbecomes
larger, the concentration boundary layer thickness beco
thinner relative to the flow boundary layer thickness. So,
rate of mass transfer increases. Consequently, the Sher
number increases.

5. Conclusion

The development of laminar convection between t
vertical parallel plates with thermal and mass buoya
lt

d

forces has been investigated numerically. The plates
different uniform heat and mass fluxes. A parametric st
has been carried out to evaluate the influence of the var
parameters on heat and mass transfer between the pla
can be concluded that:

(1) The temperature and concentration profiles are
sensitive to the buoyancy ratioN than the velocity
profiles. For positiveN , the velocity profiles are highly
distorted by the mass buoyancy force.

(2) The pressure gradient increases with distance w
the channel. At largeX, this increasing is linear. Th
pressure gradient is also increases with the increas
the buoyancy ratio.

(3) PositiveN increases the Nusselt number and Sherw
number while negativeN decreases them. Increasing
the thermal buoyancy force increases both of them.

(4) Decreasing of the heat flux ratio and the mass flux r
increases the Nusselt number and Sherwood numbe

(5) LargeScincreases the rate of mass transfer between
plates.
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